This paper fulfils the programme announced in part IV of the series by examining the detailed application of the general quantum theory of fluids to liquid He n. It is shown that although the classical laws of hydrodynamics and thermodynamics are formally obeyed by the quantum liquid, important divergences arise in the manner of their interpretation. Without introducing any assumption other than the validity of the general laws of quantum mechanics, it is possible to explain qualitatively and quantitatively the well-known properties of liquid helium, including the thermodynamic discontinuity, the thermomechanical effect, the transfer effect, and the presence of thermal waves in the liquid. The connexion with earlier theories is traced, and it is shown that although they are in agreement with the theory here proposed in certain respects, their fimdamental concepts are in need of considerable revision. The theory can be applied with slight changes to the phenomenon of superconductivity.
Introduction
The classical theory of liquids developed in the first three papers of this series (Bom & Green 1946; Green 1947; Born & Green 1947a ) and the quantization effected in the subsequent paper (Bom & Green 19476) led to a conception of the nature of viscous and thermal conductive processes in liquids which the authors hoped would be of assistance in the understanding not only of normal liquids, but also of the 'quantum liquids' of which liquid H e n is the simplest example. (The electrons in certain metals at low temperatures may be cited as a second example.)
Many distinguished contributions have been made to the experfmental evidence relating to the phenomena which are studied in this paper. Among them, those of Kapitza (19416) on the thermomechanical effect, and of Daunt & Mendelssohn (1939) on the related transfer effect appear to be of special importance, as they demonstrate most clearly the existence of a special kind of reversible process which can occur in thin layers of the liquid. Other non-equilibrium phenomena are readily interpreted as manifestations of the same type of reversible process, adulterated in many instances by the simultaneous operation of irreversible effects. The remarkable feature exhibited by all these experiments is the apparent failure in H e n of two well-established physical laws: the law of thermal conduction, which requires the heat flow to be proportional to the temperature gradient, and the law of viscosity, which requires the velocity gradient to be proportional to the nonhydrostatic pressure forces.
No satisfactory explanation has yet been given of these phenomena. They lie outside the province of ordinary reversible thermodynamics, which requires for its validity that changes of any kind should occur with infinite slowness. Further, no account can be expected of the anomalous viscosity and thermal conduction in He II without prior understanding of the corresponding processes in ordinary liquids. In spite of these handicaps, several attem pts have been made to elucidate certain aspects of the problem, of which the best known are due to London (1938 London ( , 1939 , Tisza (1938 , 1940 ), and Landau (1941 , 1944 . The first two of these authors endeavoured to connect superfluidity with the ' condensation ' which occurs in a gas of non-interacting Bose particles at a temperature not far from the A-point. They were not able, however, to take adequate account of the interaction between the helium molecules; moreover, it seemed improbable th at Bose-Einstein statistics could be of crucial importance for the existence of superfluidity, since entirely analogous phenomena were known to occur in superconductors, where the electrons obey Fermi-Dirac statistics. Landau, while retaining the idea of London and Tisza th at H e n could be regarded as a mixture of two phases of which only one could participate in the superfluid motion, eliminated these objections by introducing a new description of the superfluid as a liquid devoid of 'rotons', rather vaguely defined as states of quantized vortex motion. The theoretical foundations of Landau's work were very insubstantial; nevertheless, his theory was in close rela tion to the experimental evidence, and justified itself by predicting the existence of two kinds of wave propagation for H e n and therefore two velocities of 'sound'.
The present paper reveals th at the limited successes of the earlier theories are derived principally from the two-phase conception of the quantum liquid; yet it appears clearly that this is an over-simplification of the real situation, which demands a different physical interpretation. In fact, the classical laws of mechanics and thermodynamics hold only in a modified form, in which the difference n between the thermodynamic and 'kinetic' pressures plays an important part. While many details remain to be investigated, the author believes th at all the properties of He 11 can be explained by the theory developed below in a way not only satisfactory to the physical intuition, but requiring no assumption other than the accepted laws of quantum mechanics. Incidentally, the properties of a quantum liquid are derived in their most general form, which can easily be applied to the electrons in a metal and the phenomenon of superconductivity; one requires only to replace the ordinary pressure tensor by the electromagnetic stress tensor, and to represent the almost stationary metallic ions by a conservative field of force.
He n in equilibrium
Since the radial distribution function plays an important part in determining the properties of both classical and quantum liquids, it is desirable, as a preliminary step, to ascertain the general properties of this function in liquid helium a t very low tem peratures where the usual methods of statistical mechanics (cf. de Boer & Michels 1939 ) cannot be applied. The method here adopted was indicated in §4 of part IV, where it was shown that the density matrix p2(x,x') relating to a pair of particles may be expanded in the form p2(x,x') = S a (A )f2(A ,x )^(A ,x '),
where o(A) is the probability of finding a pair of molecules in the unperturbed eigenstate A, characterized by the eigenfunction which is the solution of the equation The A comprise the quantities p = p(1) + p(2), m3, where m = | r x (p(2) -p(1)),' l,
where Yt is a spherical harmonic of order l, and ijf(r) satisfies
The radial distribution function is derived from p2(x,x') simply by putting x = x',
As was shown in part IV, if the perturbation energy V2 experienced by the given pair of molecules on account of the other molecules in the liquid is assumed to be Hermitian, the a (A ) occurring in (2-1) and (2-5) will have the same value brium for all states A between which transitions are not forbidden by the vanishing of the matrix elements of V2.Now the effect of the other molecule form of the matrix V2, is to make n2 tend to a constant value c, equal to r\ in the infinite fluid, when r is large. Thus %2(x)-*c as r-> 00.
Subject only to this condition, one will have, in equilibrium,
From this it is apparent that the behaviour of each individual term a(E) \ iJr2(E,x) |2 in the expansion (2*5) depends strongly on E at low temperatures, and, as a result, near absolute zero, one may write
where E0 is the lowest fully occupied energy level. Now, for E0 0 or 0, r~l\fr(r) tends to zero or infinity for large r, so th at the boundary condition (2-6) is violated. Hence E0 = 0, and in the normal condition all molecule-pairs are in the state of zero energy at absolute zero.
This result does not affect the possibility of a limited occupation of the negative energy states. (In the instance of helium, on account of the weakness of the attrac tion between the molecules, it is unlikely that there are more than one.) In particular, near the walls at the boundary of the fluid, the condition (2*6) no longer holds, and one may substitute the ordinary Schrodinger boundary condition, which is satisfied only in the negative energy states. Hence one is led to predict the existence of liquid helium in an abnormal, negative energy state near the walls of the containing vessel; this is confirmed in the exact treatm ent of non-uniform conditions developed in the following sections.
To determine n2(r) for the normal state, one need only solve (2*4) for positive values of E\ the Lennard-Jones formula for <j)(r) is chosen because of the hardness of the repulsive term vr~12, which allows one to consider only the attractive term prdvided th at the part of the wave function corresponding to distances below the potential minimum is subsequently ignored. W ith the further substitutions y = r-1 and tr~2, (2-4) reduces to
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When E = 0, this equation has the solution X = «V«M)0»), (2-10) from which it is clear that only the value l 0 is cons ditions. The form of the radial distribution function obtained from the solution (2-10) is shown in figure 1 , and is very different from that characteristic of classical liquids, having a minimum instead of the usual maximum near the minimum of < {> {r). The variation of n2(r) with temperature can be taken into account by making use of the solution of (2-9) with positive values of E, which is obviously obtained by writing t -(2mE/3h2) for t in (2*10), when E is small, and making use of the formula
The resulting curve, within its range of validity, does not differ significantly from the curve shown in figure 1.
It is clear from (2-9) that the form of the radial distribution function will undergo a considerable modification when energies of , the order of 2h2\mr\ (rx = 3 A) are excited, due to contributions from the states = 2,4, etc. This corresponds to a temperature of 2h2jmkrx ~ 2° K, near the A-point. I t is known that the effect of the higher angular momentum states is to contribute to the normal maxima of the radial distribution function, so that one is led to expect that the unusual features of liquid helium will disappear above 2° K. These plausibility considerations are confirmed by the more precise calculations of the next section, but they are of interest here because they tend to confirm the suggestion of Landau (1941) 
Thermomechanics of H e ii
In part IV certain definite conclusions were reached concerning the similari ties and differences which may be expected between an ordinary liquid and the ' quantum ' modification which must occur, in the absence of solidification, at low temperatures. These conclusions may be briefly summarized as follows.
The equation of motion
A 3 mrediU + t e ' P' = reF> P i
and the law of viscosity rt = -2'" ax'u (3-2)
for the non-hydrostatic part of the pressure tensor, remain formally correct, but the ' kinetic ' pressure tensor px differs, even in equilibrium, from the thermodynamic pressure tensor p which is directly measurable. Similarly, the equation of energy transfer
and the law of thermal conduction q (3) (4) where nkTx is the diagonal element of the thermal part kx of the kinetic pressure tensor, require no modification, but the 'kinetic' temperature Tx differs from the thermo dynamic temperature T. P a rt of the remaining task is therefore the examination of the connexion between the kinetic and thermodynamic quantities. In equilibrium one has, according to § 3 of p art IV, where and so th at
One can now estimate roughly the critical temperature, which will be identified provisionally with the A-point in liquid helium, below which the quantum correction P3+P5+ ••• becomes comparable w ith px, given by
This is done by substituting the approximation Tx for T2 in the first term of (3-9), and by applying a Kirkwood-like approximation to the second term in this equation, which then reduces to
P' = L ( M \ nkTl $ ( % r + ± r ) d r -f n tM r)rdtj^rM°-ld*}-(3-H)
Both the integrals involving in (3-11) have values of the magnitude of
so th at pz becomes of the same order as px a t a temperature given by < w ' > 2 ; S j < 3 ' 1 2 > where rx is the maximum of the integrand. Using (3-10),
where T0 = 2 h2lw,kr\~ 2° K for helium, with rx -3 A. The formula (3T3) gives the A-point, together with its variation with pressure, sufficiently well, considering the roughness of the estimation, to support the expecta tion that a rigorous evaluation of the series (3-5) will yield complete information concerning the thermodynamic discontinuity at the A-point, the sharpness of the transition being due to the cumulative effect of the higher terms in the infinite series. For the present, write
Pi -P = tt, (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) so that 7 ta lmost vanishes above the A-point and becomes positive just below it as may be seen from the fact that p3 is negative. I t will be found shortly that values of rt can be inferred from a variety of experimental determinations; at the saturation vapour pressure (cf. figure 2) , it increases to a maximum at 1*5° K, and becomes zero again at absolute zero. Equation (3*1) may be written in the form du dp mn-j-+ -at ox dird, -3 i -t e -Pl + n F ' (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) which shows that differences in tt, such as may occur in the presence of a temperature gradient, will have the effect of obscuring the viscosity and simulating the action of external forces on the liquid; this already secures a qualitative understanding of the thermomechanical phenomena observed in H en. The thermodynamic pressure tensor p has as yet been given no strict definition applicable to non-uniform conditions. I t is now defined by the property that, if dS is a surface element moving with the liquid, the work done in an elementary displacementdx ofdS should b e d x . p . dS. This definition evidently coincides with that available in equilibrium conditions, as the negative derivative of the free energy with respect to volume. Consider now a small volume moving with the liquid; the equation of conservation of energy within this volume is jn^($ m u 2 + TJ)dx = j n~d x -j u . p .dS, (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) where dQjdt is the rate of absorption of heat energy per molecule, and the external force is omitted from consideration. dQ is not, of course, a perfect differential. From this equation one obtains -5E-(P-U)> (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) which may be regarded as the definition of the thermodynamic pressure tensor p in symbolic language. The corresponding equation for the energy of the macroscopic motion, obtained by multiplying (3*1) by u, is *"w4 < " !>+ u ( I e p 1) = o (3-18) since F vanishes. Subtracting from (3*17), one obtains
T (°K)
or, by virtue of (3*14) and the equation of continuity,
on the assumption th at the viscosity may be neglected; the conditions of validity of this hypothesis will be examined in § 5.
To complete the present account of non-uniform thermodynamics, it is necessary to add only the definition of the thermodynamic temperature T by means of the equation
where S is the entropy per molecule, regarded as a space function of the three in dependent variables n, T and n. (3-21) is the customary formulation of the second law of thermodynamics, which, as was shown in part IV, goes over unchanged into the quantum theory: the necessity for this is, of course, obvious from the physical point of view. On the other hand, it is clear from (3-20) th at the first law of thermo dynamics does not hold in its usual sense for a quantum liquid; this does not imply any violation of the law of conservation of energy, which is actually implicit in its derivation, but is symptomatic of the existence of a curious interconnexion between the thermal energy and the energy of macroscopic motion.
The elementary thermal processes in He ii
It is now expedient to consider the application of the general theory of the previous section to the three simple processes in fluids which are of special physical significance.
Consider first the quasi-static process in which a transition is made from one uniform state to another by the infinitely slow variation of an external parameter l. Such ideal conditions never occur naturally, but are of special importance inasmuch as they are the only kind to which ordinary reversible thermodynamics is strictly applicable. As the number density is a function of l only, the equation of continuity
un -x n(l) (4-1) assuming th at the motion is in the ^-direction. As ( and are completely negligible, the equation of motion (3-1) shows merely that and hence n are uniform. Thus (3*20) reduces to
which is the ordinary law of thermodynamics.
When, however, steady processes, which are of frequent physical occurrence, are 077 dlT considered, one has u . ■ = -= -j-, so that (3-20) takes the form
on multiplication by the time-differential. P art of any thermal energy communicated is absorbed by the macroscopic motion, as may be seen from (3-18), which leads to
The equation (4*3) may be written in the form (4-4) (4) (5) showing that the flowing helium behaves thermodynamically as if its internal energy were U -n/n, and the pressure were the kinetic pressure. The anomalous internal energyn/n gives rise to an anomalous specific heat additional to the norm specific heat, the additional energy supplied being converted into energy of motion. The motion may be visible, as in the transfer effect and in the flow through capillaries, or may take the form of closed currents analogous to the persistent currents in super conductors. I t will be seen that such motion generally occurs only near the boundary walls containing the fluid, and takes another form inside the liquid. One may further rewrite (4-5) in the form dO = -d p x -(4-6)
where <D = U +p/n-TS is the thermodynamic potential per molecule. For simul taneous mechanical and thermal equilibrium, one has d<1> = 0, since dpx = dT = 0, and in a purely thermomechanical process, = 0, so that
A third type of process, again of major physical interest, is th a t of wave propaga tion. There the number density may be taken to.be a function of t -i>-1k .x only, so th at . .
where k is a unit vector in the direction of propagation, and v is the velocity of propagation. More complex types of wave disturbance may be obtained by the superposition of elementary waves of this type. From the substitution of (4*8) into the equation of continuity it follows th at -wvk) = 0, u = v^l-*^jk, (4-9)
where n0 is a constant equal to the density a t any place where the motion associated with the wave vanishes. Also (4) (5) (6) (7) (8) (9) (10) (11) (12) This is the ordinary formula for the velocity of sound if the propagation process is adiabatic, a condition which is obviously satisfied if the disturbance is purely mechanical, but not in thermal processes where the additional variable n comes into play. I t is on the latter type of wave propagation th at interest is now mainly centred. For any thermodynamical variable, such as U, one has
so that, for wave propagation, (3-20) leads to the law [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] or
T dS = d( u + l -l ) +Pld (^. (4-15)
d / 7T 77 \ The anomalous specific heat is in this instance --j , which us much smaller than that found for steady motion if the difference n0 -n is small. The effect of superposing a large number of waves with different directions, shapes and ampli tudes, however, is to reduce the density considerably. This is evident from (4-9), on the understanding that the macroscopic velocity is in the opposite direction to the wave vector when the latter is identified with the direction of flow of heat. I t thus appears that nearly all the anomalous specific heat in H e n is accounted for by the presence of thermal waves, which are also responsible for the sudden decrease of the density below the A-point.
To clarify the picture presented by the thermal waves, consider the effect of the transmission of a pulse of length l along a tube of cross-section < r, containing the liquid initially in its ground state, a t rest. If, during the passage of the pulse, the value of ni s reduced from m tomAn, it is clear fro is (1 -n/n0)l<rAn,neglecting the small contribution pd(\jn). From (4-9), on the other hand, one sees th at the volume uv~xlcr -(n jn -l)lcr is transferred in the opposite direction. The whole process may occur isothermally and without variation of the pressure. This was found experimentally by Kapitza (19416) , who also measured the ratio R -Anjmn of the heat to the mass transfer which for waves of small amplitude should be rewritten in the form
This formula is exact. The approximate formula mR which has been found empirically follows from the integral
of (4*16) if one observes th at nearly all the entropy is associated with the thermal wave, and hence T SAn/n is very small. K apitza's measurements allow one to infer the variation with temperature of n for the normal state of the liquid, on the presumption th at
where S0 is the maximum entropy associated with the thermal waves. The resulting curve is shown in figure 2 , together with the linear curve for the ground state. From the point of view of London, Tisza, and Landau, an artificial separation of liquid helium can be made into a 'superfluid' and a 'norm al' component; this could be expressed in terms of the present theory by writing n = m(njn) and An = where ns and nn are the superfluid and normal densities respectively. This analogy between the theories suggests th at the dilference may be merely one of interpreta tion; physically absurd conclusions, however, Result from the two-fluid conception, quite apart from its lack of theoretical justification, and it must therefore be dis carded in favour of the more fundamental outlook.
The existence of the thermal waves in liquid helium in bulk was demonstrated experimentally by Peshkov (1944 Peshkov ( , 1946 , who succeeded in evoking a train of waves with weak thermomechanical properties by passing an alternating current through an electrical heater immersed in the liquid, and measured the velocity of propagation by a resonance method. The conditions for the propagation of these waves, which may be inferred from (4*6) and (4*15), are dO = 0 and dn = 0; (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) (18) (19) (20) it follows th a t = nS, ^{ n ( = 0, if one neglects the small variation of temperature with density, and th at the velocity of propagation of the waves is given by
Tisza (1947) has shown th a t excellent numerical agreement with the experi mentally observed velocity of 'second sound' can be obtained from this formula, using K apitza's measurements of S. His method of derivation of this formula, on the basis of the two-fluid theory, is, however, complex, and open to objection from the present point of view.
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Viscosity and thermal conduction in H e ii
I t has been supposed in the foregoing that there are certain processes, other than quasi-static processes, in quantum liquids, for which the effect of viscosity can be neglected. From equation (3*2) it follows th at viscosity is mainly due to the exist ence of the non-diagonal elements of the potential pressure l1} defined by !i = _ J~" rw2(r>x )dx<a)> (5-1) where r = x 2)-x (1) and x = |(x (1) + x(2)). The validity of the classical expansion in powers of the space gradients of density, temperature, and velocity is made rather dubious by the presence of waves and large velocities; fortunately, however, the equation (5-1) can be solved exactly by the operational methods of quantum mechanics. Since e*'p<1)'r/*ft2(r ,x(i>) = ngfr.xtu + ir ) = w2(r,x), (5 This leads to the classical approximation formulae if the ordinary expansion pro cedure is followed. One infers th at the viscosity will vanish completely in the liquid bulk only if w2(r,x (1)) is independent of x(1); on the other hand, since n2 is abnormally small in H e n near the potential minimum, the viscosity will also be small, though finite. The experimental evidence available on the damping of mechanical motion in the liquid supports this conclusion. Also, as effectively uniform conditions are associated with the thermal waves investigated in the previous section, these waves will be quite undamped. The reversible processes in capillaries and narrow slits are accounted for entirely in terms of such waves, and viscosity need therefore be taken into account only to the extent to which these processes are often adulterated by the simultaneous operation of ordinary irreversible processes. I t is of interest to re-examine the derivation of Poiseuille's formula for the steady flow of a quantum liquid in a capillary. If r is the radial and x the axial co-ordinate, one has from (3*1) and (3-2)
where pxr is the non-diagonal element of the pressure tensor, showing that the rate of decrease of velocity from the centre to the circumference is diminished in the ratio dpi/dp, compared with the classical theory, and actually vanishes if is constant along the tube. In general, the slip between the walls and the fluid will be only partial, and the integral of (5-5) is
where the constant of integration ax becomes infinite o when ux must tend to the constant value -v(l-n0/n). Indeed, in K apitza's experi ments (1941a) on the jet phenomenon produced by heating the liquid in a capillary sealed at one end, it is necessary to suppose that ax is less than the radius a of the capillary, as may be seen from the expression *) ^or volume flow across the cross-section, which must almost vanish for a sealed capillary. These experiments were proved to be strongly irreversible, consistent with the large viscous forces required on theoretical grounds. The laws of viscosity and thermal conduction, expressed in the form of (3-2) and (3-4) respectively, are not very useful because they contain reference to the 'kinetic' temperature and pressure alone. To formulate approximate laws with reference to the corresponding thermodynamic quantities, one is guided by the requirement that q and p' should be linear in the space derivatives of T and u, and must accordingly have the form
The second term in each of these equations does not appear in the classical theory, for the reason th at there, u may not occur explicitly, but they are not excluded and are indeed required by the quantum theory, where thermal and dynamical quan tities are inseparably linked. The quantity k may be called ' the coefficient of thermal mobility', and 6 'the modulus of thermal stress'.
For the complete discussion of irreversible phenomena, it is necessary to have the general solution of the equation ( The first of these equations can be satisfied by substituting for s° an antisymmetrical tensor defined by (s°yz, szx, sxy) = t . x tyx, etc.) if the uniform, or otherwise by a more complicated integral expression. Then one has ranuu+ pi -£r(t)1 -t.
(5-11)
Now suppose the flow is in a slit bounded by two planes separated by a very small distance d and normal to the z-axis. Then kUz, which represents the mean square momentum in the z-direction, must, according to Heisenberg's uncertainty principle, be of order (fid-1)2. The relevance of this conclusion has been pointed out by Daunt & Mendelssohn (1946) . Writing The tensor t is determined by the boundary conditions, effectively the conditions beyond the end of the slit. This confirms the conclusion reached previously, th at the volume flow through capillaries and narrow slits includes a component depending not on the width of the channel, but only on the thermal transfer between the two ends. There may, however, exist an independent component corresponding to the behaviour of normal liquids. The same conclusions apply to the behaviour of the thin films associated with the transfer phenomenon, where the distance d is determined naturally instead of by physical constraints. The method of initial formation of these films is rather com plex, involving thermal fluctuations within the liquid and perhaps also evaporation and condensation from the vapour. Once formed, however, the mechanism respon sible for their perpetuation is precisely the same as th at involved in the superfluid motion through capillaries and narrow slits.
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